Modeling of the radiation regime of a mixture of vegetation species is a fundamental problem of the Earth's land remote sensing and climate applications. The major existing approaches, including the linear mixture model and the turbid medium (TM) mixture radiative transfer model, provide only an approximate solution to this problem. In this study, we developed the stochastic mixture radiative transfer (SMRT) model, a mathematically exact tool to evaluate radiation regime in a natural canopy with spatially varying optical properties, that is, canopy, which exhibits a structured mixture of vegetation species and gaps. The model solves for the radiation quantities, direct input to the remote sensing/climate applications: mean radiation fluxes over whole mixture and over individual species. The canopy structure is parameterized in the SMRT model in terms of two stochastic moments: the probability of finding species and the conditional paircorrelation of species. The second moment is responsible for the 3D radiation effects, namely, radiation streaming through gaps without interaction with vegetation and variation of the radiation fluxes between different species. We performed analytical and numerical analysis of the radiation effects, simulated with the SMRT model for the three cases of canopy structure: (a) non-ordered mixture of species and gaps (TM); (b) ordered mixture of species without gaps; and (c) ordered mixture of species with gaps. The analysis indicates that the variation of radiation fluxes between different species is proportional to the variation of species optical properties (leaf albedo, density of foliage, etc.) Gaps introduce significant disturbance to the radiation regime in the canopy as their optical properties constitute major contrast to those of any vegetation species. The SMRT model resolves deficiencies of the major existing mixture models: ignorance of species radiation coupling via multiple scattering of photons (the linear mixture model) or overestimation of this coupling due to neglecting spatial clumping of species (the TM approach). Thus, based on the former experience with mixture modeling, this study establishes an advanced theoretical basis for future mixture applications. r
Introduction
Natural vegetation exhibits significant degree of spatial heterogeneity, which complicates retrieval of the Earth's land biophysical parameters from remote sensing observations. Advances in remote sensing technology, including improved geolocation, sensor optics calibration, atmospheric correction, multiresolution, multi-spectral and multi-angular measurements, etc., provide better means to capture land surface heterogeneity. In fact, current suite of NASA's MODerate resolution Imaging Spectroradiometer (MODIS) land products already includes a product, which explicitly characterizes mixture of land cover types-vegetation continuous fields (WWW1: Vegetation continuous fields product from MODIS, http:// glcf.umiacs.umd.edu/data/modis/vcf/ [1] ).
The problem of mixture of vegetation species is known in remote sensing as a scaling issue, that is, given biophysical parameters and radiation field over pure species at sub-pixel scale, one needs to estimate those parameters at the scale of a mixed pixel. Multiple approaches were developed to address the scaling issue, which can be grouped into two basic categories: empirical/statistical and physically based. The approaches from the first category are widely used for sub-pixel land cover characterization: linear mixture models [1, 2] , neural networks [3, 4, 27] , Gaussian mixture discriminant analysis [5] , decision trees [6] and others. The key idea of the above methods is to model satellite measured radiation over a mixed pixel as a weighted sum of the radiation fields over pure classes. Linear and non-linear models were implemented to retrieve the unknown weights, corresponding to the proportion of pure land cover classes in the mixed pixel. It was noted, however, that species in a mixture may exhibit significant degree of radiative interaction, which may bias retrievals especially in the case of linear models [7, 8] .
In contrast to the empirical methods, physically based approaches describe in details the physical processes of interaction of radiation with canopy at the level of elementary volume of vegetation. Optical properties of a mixture in such volume are represented as weighted average of optical properties of pure species. The radiative transfer equation (RTE) is used to model the radiation field with effective optical properties of mixed canopy. The above modeling principles were implemented, for instance, in a scaling scheme of the radiation block of the common land model (CLM) (WWW2: CLM, http://www.cgd.ucar.edu/tss/clm/distribution/clm3.0/ index.html) [9] and the MODIS leaf area index (LAI) algorithm [10] . The major limitation of the above schemes is that they are based on the turbid medium (TM) mixture approximation, where canopy is represented as a mixed gas of vegetation species and gaps. With the TM approach, one major feature of the natural vegetation is missing-spatial structure of a mixture, which may substantially affect radiation regime. This paper is aimed to advance theoretical description of the radiation regime in vegetation canopy under condition of spatial gradient of canopy optical properties. Applications in focus include the above-mentioned radiation block of CLM and the MODIS LAI algorithm. The spatial heterogeneity of a medium can be incorporated in the standard RT equation using the stochastic approach, which was originally formulated for broken clouds by Vainikko [11, 12] and further developed by Kasianov [13] , Titov [14] and Zuev and Titov [15] . Additional closely related theoretical study is the linear kinetic theory of stochastic mixture, developed by Pomraning [16] . In our former research [17, 18] , we adopted Vainikko's approach for vegetation canopy and formulated the stochastic RT (SRT) model for a single spatially discontinuous species. In the present work, we introduce a stochastic mixture radiative transfer (SMRT) model, an extension of the former model for the case of the structured composition of multiple vegetation species and gaps. While the focus of this paper is on vegetation canopy, the developed approach may be utilized in the other areas of RT, including cloud physics (independent pixel approximation), nuclear reactors (atomic mixture), and astrophysics. This paper is organized as follows. In Section 2, we review the parameterization of the 3D RT equation for the case of spatially varying optical properties. In Section 3, we present the detailed derivations of the SMRT model from the corresponding 3D RT equation. In Sections 4 and 5 we present analytical and numerical analysis of the radiation effects in a mixed canopy, as captured by the SMRT model. Concluding remarks are given in Section 6.
3D RT model parameterization
Consider a heterogeneous vegetation canopy, a mixture of N different vegetation species and gaps as shown in Fig. 1 (for N ¼ 2) . The spatial structure of such canopy can be characterized by the indicator function of a
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canopy, wðrÞ, defined for each spatial location,r, as follows:
where w ðjÞ ðrÞ is an indicator function of the individual species 'j': 
The equations above specify overall architecture of vegetation canopy as cumulative contribution of individual species in a mixture. The indicator function is assumed to be a random variable. We further assume that a particular spatial location is occupied only by a single species, i.e., w ðiÞ ðrÞ w ðjÞ ðrÞ ¼ 0; iaj.
Density of canopy is defined by the Leaf Area Index (LAI)-one-sided green leaf area per unit ground area (m 2 /m 2 ). In the case of mixture of species, 
Species "1" where G ðjÞ ðÕÞ is the mean projection of leaf normals in the directionÕ and G ðjÞ ðÕ 0 !ÕÞ is the area scattering phase function for species 'j' [19] . The above parameters depend on the probability density of leaf normal orientation, g L ðr;Õ L Þ, (Õ L is a leaf normal direction) and the spectral leaf albedo, oðr; lÞ (l is a wavelength) [19] . Given the set of structural and optical parameters, the radiation regime in a vegetation canopy is described by the following 3D transport equation for radiation intensity, Iðr;ÕÞ: 
The unique solution of the Eq. (5) is specified by the following boundary conditions:
where the first equation specifies incoming direct, dðÕ ÀÕ 0 ), and diffuse, dðÕ;Õ 0 Þ, radiation at the top of canopy, and f dir denotes the ratio of direct to total incoming solar flux. The second equation specifies boundary condition at the canopy bottom, soil surface, which is assumed to be a Lambertian surface with hemispherical reflectance, r soil . Note the angular integration notations: integration over the total sphere (4p), lower hemisphere (2p À ), and upper hemisphere (2p + ). To simplify numerical solution of the complete RT problem (Eqs. (5) and (6)), two sub-problems with simplified boundary conditions can be specified: (1) the BSproblem: the original illumination condition at the top of the canopy and the soil reflectance is set to 0; (2) the S-problem: there is no input energy from above, but isotropic (Lambertian) sources of energy are uniformly distributed on the canopy bottom. The solution of the complete problem can be approximated by the solutions of the S-and BS-problems as follows:
Iðr;ÕÞ % I BS ðr;ÕÞ þ r soil 1 À r soil R S T BS I S ðr;ÕÞ, (7a)
In the equations above, I, I BS , I S denote radiation intensities, R, R BS , R S are canopy albedos, A, A BS , A S are canopy absorptances, T, T BS , T S are canopy transmittances for the complete, BS-and S-problems, respectively. The above quantities comply with the energy conservation law,
where Eq. (8a) refers to the total problem and Eq. (8b) to two sub-problems (k ¼ S or BS).
Formulation of the SMRT model

Basic concepts
The detailed evaluation of the 3D radiation field is computationally expensive and often unnecessary for multiple applications. Namely, in application to satellite remote sensing, radiation field, averaged over a pixel is required. The stochastic approach to the radiative transfer directly addresses the above problem, by averaging the 3D RT equation (Eq. (5)) over a horizontal plane. Thus, the average 1D equation for the average radiation intensities is obtained. The mathematical formulation of the SRT equation requires two types of averages: (1) U ðiÞ ðz;ÕÞ, mean intensity over the portion of the horizontal plane at depth z, occupied by species 'i'; (2)Īðz;ÕÞ, mean intensity over the total space of the horizontal plane at depth z, U ðiÞ ðz;ÕÞ ¼ lim
ðiÞ z dx dyw ðiÞ ðx; y; zÞ Iðx; y; z;ÕÞ,
Iðz;ÕÞ ¼ lim
dx dyIðx; y; z;ÕÞ:
In the above, S R denotes the area of a circle of radius R; T ðiÞ z denotes the area of the horizontal plane at depth z, occupied by species 'i'. The averaging procedure (cf. next Section) results in the parameterization of the resulting transfer equation in terms of two stochastic moments of a vegetation structure. The first stochastic moment is the probability, p, of finding species ''i'' at canopy depth z, p ðiÞ ðzÞ ¼ lim
ðiÞ z w ðiÞ ðz; x; yÞ dx dy lim
The second moment is the pair-correlation function, q, between species 'i' at canopy depth z and species 'j' at depth x along the directionÕ, q ði;jÞ ðz; x;ÕÞ ¼ lim
In the above, O x , O y , and O z are projections of a unit direction vector,Õ, on the x, y, and z axes, respectively. Argument for T ðjÞ x denotes a shift of the origin of plane x relative to plane z along x and y directions, required to evaluate correlation between the planes in directionÕ (cf. Fig. 1 ). Using the first and second moments of a vegetation structure, the conditional pair-correlation of species, K (i,j) , can be evaluated as 
Derivation of the SMRT equations
The approach to derive the SMRT equations for multiple species extends the one for single species [18] . The derivations start from integrating the 3D RT equation (Eq. (5)) from the upper (lower) boundary to some internal pointr (x, y, z) along the directionÕ (cf. Fig. 1 
where the following short-cut notation was used:
At the next step, Eq. (14) is averaged over the total space of the horizontal plane z. The key problem at this step is to evaluate the integral terms, which involve sð. 
The integral terms of interest can be evaluated by shifting the origin of T x ; in the x-y plane by the vector
followed by separate integration over individual species (cf. Eqs. (9) and (16) 
In the above,Īð0;ÕÞ andĪðH;ÕÞ denote mean radiation intensities over whole horizontal plane at the canopy boundaries; in the typical case of the uniform boundary conditions they are equal to the corresponding 3D values, Iðz ¼ 0;ÕÞ and Iðz ¼ H;ÕÞ (cf. Eq. (6) (14) over the portion of a horizontal plane, occupied by species 'i'. The terms under the sign of integral in this case can be evaluated with the above-described technique (Eq. (17)), taking into account Eqs. (9), (11), (12) and (16) In the above derivations, we assumed that the subset T ðiÞ z \ T ðjÞ x contains the same percentage of species ''j'' as the total set T ðiÞ z . This assumption is similar to one, introduced by Vainikko [11, 12] in the derivation of the original version of stochastic equations for atmosphere. This assumption is called ''local chaotisity and global order'' and is required to close system of stochastic equations using only first two moments of structure. Given Eqs. (19) and (14) 
In the above, U ðiÞ ð0;ÕÞ and U ðiÞ ðH;ÕÞ denote mean radiation intensities over the portion of horizontal plane occupied by species 'i' at the canopy boundaries; in the typical case of the uniform boundary conditions they are equal to corresponding 3D values, Iðz ¼ 0;ÕÞ and Iðz ¼ H;ÕÞ (cf. Eq. (6)). Note that, in contrast to a single equation for single species [18] , the Eq. (20) for N species corresponds to systems of N equations. This accounts for the fact of species radiative coupling.
Separation of direct and diffuse fluxes
The average intensity over species, U ðiÞ ðz;ÕÞ, can be decomposed into the direct and diffuse components, according to the pattern of incoming solar radiation, Eq. (6), namely
Substituting this decomposition into Eq. (20) and collecting terms, which contain the Dirac's delta function, dðÕ ÀÕ 0 Þ, we will get system of N equations for the direct component of U ðiÞ ðz;ÕÞ,
The remaining terms constitute the system of N equations for the diffuse component of U ðiÞ ðz;ÕÞ: 
where, The average intensity over total space of a horizontal plane,Īðz;ÕÞ, can be decomposed similarly to U ðiÞ ðz;ÕÞ, namelȳ
Substituting Eqs. (21) and (27) into Eq. (18) and collecting terms with the Dirac's Delta function and remaining terms, we obtain the equations for the direct and diffuse components ofĪðz;ÕÞ, respectively: 
where S ðjÞ ðx;ÕÞ, U 
Absorptance
The terms of energy conservation law (canopy albedo, absorptance and transmittance) and mean intensities (Īðz;ÕÞ and U ðiÞ ðz;ÕÞ), derived according to the stochastic approach, follow the general rules for the BS-and S-problems, Eqs. (7) and (8) . The equation for absorptance has special features as it explicitly accounts for the contribution of different species, characterized by different optical properties. Taking into account the definition of absorptance and Eq. (17), the absorptance of the multi-species vegetation canopy is
dr dÕð1 À oðrÞÞ sðr;ÕÞ Iðr;ÕÞ Taking into account Eqs. (30) and (7c), we can evaluate the contribution of the BS-and S-absorptances of different species to the total canopy absorptance:
Conditional pair-correlation function of mixture of species
The critical parameters of the SMRT equations are two stochastic moments of a canopy structure: the probability of finding species, p (i) (Eq. (11)), and the conditional pair-correlation of species, K (i,j) (Eq. (13)). The following three classes of canopy structure can be identified: (a) non-ordered/chaotic mixture of species and gaps or TM; (b) ordered mixture of species without gaps; (c) ordered mixture of species with gaps. The canopy structure (order/chaoticity) is controlled by the conditional pair-correlation of species, K (i,j) , while amount of gaps is controlled by the probability of finding species p (i) . In the general case, K (i,j) satisfies the following symmetry condition: The additional properties of K (i,j) in the special cases are as follows. In the case of TM there is no correlation between phytoelements of different species, and therefore, K (i,j) simplifies: 
In the case of ordered species without gaps, K (i,j) satisfies the following two constraints: 
if and only if,
Finally, consider the case of ordered mixture of species with gaps. We developed the conditional paircorrelation function according to the theory of stochastic geometry [20] . This approach was utilized recently to derive the conditional pair-correlation function for single species [17] . In this research, we extend derivations to a mixture of multiple species (Appendix 2). The derivations are based on the following assumptions about 3D stochastic canopy structure: (a) tree species are modeled as identical cylinders; (b) distribution of the tree centers follows stationary Poisson point process [20] . Under the above assumptions, the conditional paircorrelation function is as follows:
where
In the above equations, parameter ''a'' denotes a tree radius, p (i) is the canopy depth independent probability of finding species, YðxÞ is the Heaviside step function (cf. Appendix 2), and D is the horizontal distance of correlation:
The conditional pair-correlation function for two species is shown in Fig. 2 . In the case of the same species, correlation decreases as distance increases. This corresponds to increasing probability of one of the points being out of the same crown as distance increases. In the case of different species, correlation increases as distance increases. This corresponds to increasing probability of two points to be located in different crowns of different species with increasing distance. In the case of short distances, within-species correlation is 1, while between-species correlation is 0. In the case of large distances, correlation between any species is vanishing and K (i,j) converges to p (i) . Both limiting cases are intuitively expected and captured by the proposed model.
Analytical analysis
In this section, we demonstrate results of analytical analysis of the SMRT equations for the three cases of canopy structure (cf. Section 3.5): (a) non-ordered mixture of species and gaps (TM); (b) ordered mixture of species without gaps; (c) ordered mixture of species with gaps.
Turbid medium
In the case of non-ordered mixture of vegetation species and gaps (TM) K (i,j) is reduced to p (j) (cf. Eq. (33)).
In this case Eq. (20) is equivalent to Eq. (18) andĪðz;ÕÞ ¼ U ðiÞ ðz;ÕÞ for i ¼ 1,N, which implies no variation of the radiation fluxes between different species. Lack of variation between species fluxes is a consequence of the lack of spatial gradient of structure in a TM: the same proportion of different species occupies each spatial location at particular canopy depth. Note, that the impact of gaps on radiation fluxes in the TM approach is limited to re-scaling of LAI:
Also note, that in the case of a TM, the system of N mixture equations with species-dependent optical properties is reduced to a single equation with ''effective'' optical properties, 
where X corresponds to s, s S , ð1 À oÞ Á s, d L , etc. As mentioned before (cf. Section 1), approach of ''effective'' optical properties was already implemented in the scaling scheme of the radiation block of the Command Land Model and the MODIS LAI algorithm. Such approach is valid only for non-ordered canopy (TM) and may lead to a bias in evaluation of the radiation field of a natural structured mixture (cf. Section 5). 
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Ordered mixture without gaps
Next, consider the special case of ordered mixture of vegetation species with no gaps between them. This case is not equivalent to a TM, because spatial heterogeneity is characterized not only by ordered composition of vegetation clumps and gaps, but also by ordered composition of different species (K (i,j) 6 ¼p (j) ). In this special case some constraints for the SMRT equations can be derived. In the following derivations, we assume X j p ðjÞ ðzÞ ¼ 1.
For simplicity, we perform derivations for direct component of radiation over species, U 
The above equation can be easily satisfied in the special case of the TM model, as radiation over all species is the same. However this equation is applicable to a more general case of ordered mixture of species with species-dependant fluxes (cf. Sections 4.4 and 5).
Radiation over gaps
Next, consider the general case of ordered species with gaps. In the framework of the SMRT model gaps can be treated as a special type of 
The derived equations for the mean radiation over gaps have important implications for LAI retrievals from field measurements of radiation by a range of commercial optical instruments, including LAI-2000, AccuPAR, TRAC, etc. [21] . Measurements are performed over gaps and retrievals are performed according to the TM model, which does not differentiate between fluxes over gaps and vegetation species (Eq. (42b) ). In reality, radiation fluxes over individual vegetation species and gaps may show substantial variation. To achieve better accuracy, retreival technique of the standard optical instruments needs to be reformulated in terms of stochastic equations.
Uncollided radiation
Next, consider the SMRT equations in the limiting case of uncollided radiation. This case can serve as an approximation for VIS wavelengths, where absorption is large and scattering is limited. In the following, we will compare derivations for TM and ordered medium, to further clarify impact of canopy structure on radiation regime. To simplify derivations we assume that incoming radiation is purely direct (SZA ¼ 0 0 ) and probabilities of species do not depend on canopy depths, i.e., p (i) (z)p (i) . First, consider the TM case. Recall, that in this case 
where T(z) denotes canopy transmittance at depth z. The canopy absorptance can also be analytically evaluated (cf. Eq. (30) for o ðjÞ ¼ 0, j ¼ 1,N) as follows:
Next, consider the case of ordered species composition. In the following derivation we will use the conditional pair-correlation, as defined by Eqs. (36a) and (36b). According to these equations and the specified assumptions, 
The canopy absorptance is calculated as follows: 
Compare canopy transmittance for the turbid (Eq. (43a)) and ordered (Eq. (44a) medium. As LAI (or canopy depth, H) is increasing, the canopy transmittance converges to 0 in the case of the TM, and to a gap probability in the case of the ordered medium. The ordered medium case provides a realistic description of the radiation regime, as it accounts for radiation streaming through gaps without interaction with vegetation, such that portion of the sunlit area at the ground is equal to the gap probability. Next, compare absorptance for the turbid (Eqs. (43b)) and ordered (44b) medium. As LAI increases the canopy absorptance converges to 1 in the case of TM and to cumulative probability of all species in the case of the ordered medium. Again, the case of ordered medium provides a more realistic description of the radiation regime, as only the portion of photons, traveling through leaves can be absorbed. Finally, comparison of the structure of equations for absorptance and transmittance indicates that in the case of TM species interact significantly, while in the case of structured medium they are radiatively decoupled. Overestimation of species radiative coupling in the TM model take place because this model neglects spatial clumping of species.
Linear mixing assumption
Multiple land algorithms utilized for estimation of land cover mixture from coarse resolution satellite data rely on the empirical model of linear mixture of species (cf. Section 1). Under this assumption, canopy spectral reflectance of a mixed pixel is expressed as a linear combination of canopy spectral reflectances of pure species [1, 2] . The linear mixture model ignores species radiative coupling. This coupling in a natural canopy is caused by multiple scattering, that is, after interaction with phytoelements of the first species, photon is scattered into another species.
The SMRT model can be reduced to the linear mixture model, and allows analysis of empirical assumptions of the latter. Indeed, according to Eq. (41), mean radiation over mixed pixel,Īðz;ÕÞ, is equal to a weighted average of the radiation fields over pure species, U ðiÞ ðz;ÕÞ, and gaps, U ðgapÞ ðz;ÕÞ. However, U ðiÞ ðz;ÕÞ are coupled though system of Eq. (20) . In order to derive the linear mixture model from SMRT model one needs to break the coupling, that is, set to 0 the conditional pair-correlation function for different species, K (i,j) ¼ 0, when i6 ¼j. This assumption apparently violates the basic geometry constraints on K ði;jÞ (i.e., Eqs. (34) and (35) in the case of no gaps), and intuitively one may expect that non-physical decoupling may result in the violation of energy conservation law. However this is not true. To demonstrate this, consider system of Eq. (18) 
Next, we integrate Eq. (47) over lower and upper hemispheres to evaluate reflectances, R, and transmittances, T, and substitute the results into the energy conservation law (Eq. (8a)), 
Finally, from the validity of the energy conservation law for BS-and S-problems it follows the validity of this law for the total problem (this can be shown by combining Eq. (7) and (8)). Therefore, while radiative decoupling of vegetation species is physically meaningless, it is still a mathematically valid exercise and may describe RT processes in some other medium.
To summarize, the results of this and previous sections indicate that the linear mixture model ignores, while TM overestimates species radiative coupling compared to a realistic description of the SMRT model. The effect of radiation coupling will be further studied numerically in Section 5.
Numerical analysis
The SMRT model was implemented numerically using successive orders of scattering approximations (cf. Appendix 3). In the following, we numerically investigate features of the SMRT model by comparison to the TM model. Both cases were implemented with the same set of stochastic equations and input parameters, except the conditional pair-correlation function: Eq. (36) was used to implement the SMRT model, and Eq. (33) for the TM model (cf. Section 3.5). To understand the overall merits of the new model, consider radiation fluxes as function of canopy depth, as shown in Fig. 3 . The SMRT model differentiates between radiation fluxes over individual species, gaps, and whole mixture (corresponding to mean intensitiesU ðiÞ , U ðgapÞ and I). The TM model provides no distinction between the above fluxes (cf. Section 4.1). According to the SMRT model, variation of the fluxes between individual vegetation species is relatively smaller compared to difference in fluxes between vegetation and gaps. Also note, that limitations of the TM model result in a bias (both overestimation and underestimation) in estimation of mean fluxes over whole mixture compared to the SMRT simulations (compare fluxes over whole mixture). Detailed analysis of the impact of various parameters on the SMRT and TM models simulations is presented with six case studies below (Figs. 4-9) . First, consider impact of solar zenith angle (SZA) on canopy albedo, absorptance and transmittance as function of LAI, as simulated with the SMRT and TM models at red and NIR wavelengths (Fig. 4) . The simulations were performed with SZA of 01 and 601. Two vegetation species with gaps were used:
The complete set of parameters is presented in the figure caption. In the case of simulations for SZA ¼ 01, the SMRT model predicts lower albedo, substantially lower absorptance and substantially higher transmittance compared to the TM model. However, at SZA ¼ 601 both models demonstrate quite similar results. The key physical explanation for the difference between the SMRT and TM simulations at SZA ¼ 01 is that the SMRT model accounts for radiation streaming through gaps without interaction with vegetation. This explains results for absorptance and transmittance. Albedo is lower in the case of the SMRT compared to the TM model, because in the former case a dark soil is better exposed through gaps in a relatively bright vegetation (compare r soil and o). Next, note that the numerical simulations for absorptance and transmittance at red wavelength closely follow analytical expressions, derived for uncollided radiation for SZA ¼ 01 (cf. Section 4.4). For instance, in the case of the SMRT model canopy transmittance for high LAI approaches to 0.5 according to numerical simulations, which match 1À(p (1) +p (2) ), according to analytical analysis (Eq. (44a)). In contrast, in the case of the TM model, transmittance converges to 0 both according to numerical and analytical results (Eq. (43a)). Next, we explain results for SZA ¼ 601. In this case the effect of radiation streaming is negligible: even if photon enters canopy through a gap, it will be intercepted by a lateral surface of a tree foliage. Mathematically, the reasoning is as follows: as angle is increasing, effective distance between vegetation elements, D, is increasing (cf. Eq. (36)), which results in convergence of the conditional pair-correlation function for ordered species to one for non-ordered species (cf. Fig. 2) .
Second, consider the impact of soil reflectance on the radiation quantities (Fig. 5) . Set of parameters for this case study was similar to the previous one, except SZA is fixed and equal to 01, while two soil albedos (0 and 1) were used. Note the special feature of the canopy albedo for high LAI: in the case of the TM model, albedo converges to a single value, independently from soil albedo, while such convergence does not exist in the case of the SMRT model. This is another effect, associated with radiation streaming through gaps. Next, consider results for absorptance. Canopy absorptance is increasing with increasing soil albedo, and such effect is more pronounced for the SMRT model. The physical explanation for this is that some portion of the total radiation can stream through the gaps to the canopy bottom without being absorbed. If soil is bright, this radiation is bounced back and receives a second chance to be absorbed by a canopy. However, if soil is dark, this mechanism is vanishing. Finally, consider results for transmittance. In the case of red wavelength, soil albedo has virtually no effects on transmittance both for the TM and SMRT models. In the case of NIR wavelength, higher soil reflectance results in a higher transmittance and this effect is enhanced in the SMRT simulations due to radiation streaming through gaps. Third, consider the impact of species composition on a radiation regime (Fig. 6 ). Here we used two species with optical properties roughly corresponding to broadleaf (species 1) and needle leaf (species 2) forests, which have substantial contrast both at red and NIR wavelengths. The probability of each species (p (1) and p (2) ) was varying from 0 up to 0.6, under restriction, that total probability of all species is constant through the simulations, i.e., p (1) +p (2) ¼ 0.6 ¼ fixed. Thus, radiation regime was evaluated for all possible combinations of two species under significant amount of gaps, p (gap) ¼ 0.4 ¼ fixed. Our results indicate, that both the TM and SMRT models simulate continuous, fairly large variation of canopy albedo, absorptance and transmittance with respect to species composition. However, the TM model introduces a significant bias in the estimation of the above parameters due to ignoring canopy structure. Finally, note that variations of canopy albedo, absorptance and transmittance with respect to species compositions are quite close to linear at red wavelength, but demonstrate fairly large deviation from linearity at NIR wavelength. Note that linearity for absorptance with respect to species composition can be seen in Eqs. (43b) and (44b) in the case of high LAI.
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Fourth, consider the role of gaps in a radiation regime (Fig. 7) . Simulations were performed for two species under constrain that the probabilities of both species are equal and its sum is varying between 0 (only gaps) and 1 (only vegetation). The SMRT model is not equivalent to the TM model even in the limiting case of no gaps (cf. Section 4.2). Results for canopy albedo are as follows. Albedo at red wavelength is decreasing as gaps are replaced with vegetation, because albedo of leaves was selected to be comparable to soil albedo, however, when more leaves are introduced, they trap radiation, scattered within canopy, more efficiently. Also, canopy albedo for the TM and SMRT models are approximately equal at red wavelength. However, at NIR wavelength albedo is increasing with decreasing amount of gaps, and the TM model predicts higher albedo compared to the SMRT model. The physical reason for this is that at NIR wavelength leaves are brighter then soil, and therefore, increasing amount of leaves will increase albedo. Additionally, vegetation gas of the TM model efficiently covers soil, compared to discontinuous canopy with gaps in the SMRT model, which results in further enhancement of albedo in the TM model compared to the SMRT model. Next, the simulations indicate that overestimation of absorptance by the TM model compared to the SMRT model is directly proportional to the gap fraction/clumping of species. Finally, results for canopy transmittance indicate that as amount of gaps is decreasing, transmittance, evaluated by the SMRT model converges to one for the TM model. In the fifth case study, we probed deeper special case of mixture of species without gaps (Fig. 8) . Intuitively, in the case of no gaps, ordered mixture of species is quite close to non-ordered mixture (TM). In this simulation we addressed two questions: (a) When ordered mixture of species is important? (b) Why gaps significantly perturb radiation field of ordered mixture of species? As mentioned earlier, key feature of vegetation structure, which differentiates between ordered and non-ordered cases is a presence of spatial gradient of optical properties of a medium (such as leaf albedo, density of LAI, etc.). If the medium is ordered, the spatial gradient of the optical properties should be significant enough to modify the radiation regime of the SMRT simulations with respect to the TM simulations. Optical properties of gaps constitute especially large contrast to ones of any vegetation species. This explains special role of gaps in the SMRT simulations. . Impact of species composition on canopy albedo, absorptance and transmittance, as evaluated with the TM (dots) and SMRT (solid lines) models for the case of mixture of two species. The models parameters are as follows: 
, and increasing bias with respect to increasing contrast in the foliage area volume density of species (Fig. 8) . Note that the TM model introduces bias not only to total absorptance but also to the partitioning of total canopy absorptance between species.
Next, consider the sixth case study, demonstrating the effect of species interaction (Fig. 9 ). Here we evaluated the impact of LAI changes of species 2 on the absorptance of species 1. The LAI of species 2 was constructed according to two scenarios: (a) keep p purely direct incoming flux, SZA ¼ 01; and purely diffuse incoming flux. The results indicate, that absorptance of species 1 decreases by factor of two both at red and NIR wavelengths as LAI of species 2 is changing from 0 to 4 in the case of the TM model under direct illumination. In contrast, the SMRT model predicts no significant variations in the absorptance of species 1 at red wavelength, and increase by about 15% in the case of NIR wavelength under direct illumination. In the case of diffuse illumination the SMRT and TM models predict similar interaction of species-decrease of the absorptance of the first species as LAI of the second is increasing. This last result of this case study matches the results of the first case study: under diffuse illumination or low SZA, the simulations by both models converge. Overall, this last case study demonstrates that natural mixture of discontinuous species exhibit less radiative coupling compared to the TM approximation.
Our final comment is on the overall performance of the SMRT model. The SMRT code is computationally compact-CPU requirements are similar to those for the solution of 1D RT code [18] . Computational errors increase with increasing LAI, SZA, which is typical for majority of the RT models. Additional errors, specific to the SMRT, can be accumulated under the condition of large number of species with highly varying optical properties. In this study the performance of the model was not evaluated with respect to field measurements, as authors did not have access to the required set of structured parameters and radiation measurements of sufficiently high accuracy. The model validation should be performed within a separate study in the future. Nevertheless, confidence in the SMRT model performance should be drawn from the fact, that the mixture model extends the one for single species, which was extensively evaluated with field measurements and was utilized in multiple applications in the past [17, 18, [22] [23] [24] .
Concluding remarks
In this research, we developed the SMRT model for simulation of radiation regime in a natural vegetation canopy with spatially varying optical properties. The new approach provides a general solution of the problem, which includes, as special cases, the major approximate solutions, including the linear mixture and TM mixture RT models. The SMRT model solves for the radiation quantities, direct input to remote sensing/climate applications: mean fluxes over mixture and over individual species. The canopy structure is parameterized in the SMRT model in terms of two stochastic moments: the probability of finding species and the conditional pair-correlation of species. The second moment is responsible for the 3D radiation effects, namely, radiation streaming through gaps without interaction with vegetation and variation of the radiation fluxes between different species. If the within-and between-species correlation is vanishing, the SMRT model reduces to the TM RT model. Namely, this situation is realized in the SMRT simulations under direct illumination with low SZA or diffuse illumination. If the between-(but not within-) species correlation is set to zero, the SMRT model reduces to the linear mixture model. The analysis of the SMRT simulations indicates that the variation of radiation fluxes between different species is proportional to the variation of optical properties of species (leaf albedo, density of foliage, etc.) Gaps introduce significant disturbance to the radiation regime in the mixed canopy as their optical properties constitute a major contrast to those of any vegetation species. Set of accurate field measurements on canopy structure and radiation is required to further assess performance of the SMRT model and to improve modeling of the paircorrelation function. The remaining unknown function, circles overlapping, X, can be derived by referencing Fig. (A1c) . Consider the general case of two circles with different radiuses, r ðjÞ ðxÞ4r ðiÞ ðzÞ, and centers, separated by distance D. Three situations of overlapping are possible: (a) small circle is inside of the larger one; (b) no overlapping between circles; (c) partial overlapping between circles. Geometrical analysis of each case will results in the following expression: The numerical scheme of solution of the SMRT equations is an extension of the corresponding scheme for the SRT equations for single species [18] : single system of linear equations for singles species is expanded into N systems of linear equations for N species. According to Eqs. (28) and (29), the solution for the mean intensity over whole horizontal plane,Īðz;ÕÞ, is just an integration of the mean intensities over individual species, U ðiÞ ðz;ÕÞ, i ¼ [1,N] . Therefore, below we focus on the numerical scheme of solution for the direct and diffuse components of U ðiÞ ðz;ÕÞ: U [25] ; at each step of iterations we also need to solve the parametric Volterra equations. First, we outline SOSA method in application to a ARTICLE IN PRESS ðk;ÕÞ Â W ðk;ÕÞ, can be derived by Gauss-Jordan, LU-decomposition or similar techniques for solving linear system of equations [26] .
